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NON-LINEAR THEORY OF FLEXOELECTRICALLY INDUCED PERIODIC 
DISTORTIONS IN NEMATIC LIQUID CRYSTALS 

ALBERT0 CAMA, PAOLO GALATOLA, CLAUD10 OLDANO AND MAURO 
RAJTERI 
Dipartimento di Fisica, Politecnico di Torino, Corso Duca degli Abruzzi 24, 
10129 Torino, Italy 

Abstract The peak intensities of the diffraction grating obtained in a nematic 
liquid crystal cell above the critical point of the flexoelectrically induced Pikin 
transition have been measured as a function of the applied voltage. The obtained 
results have been analyzed in the framework of a non-linear theory of the 
transition. 

INTRODUCTION 

It is well known that many liquid crystals (LC) give rise to periodically modulated 
structures behaving as diffraction gratings. The most interesting cases involve the N* and 
S,* LC with helix axis perpendicular to the boundary planes, and the field-induced 
periodic distortion in nematic LC (NLC) found by R. B. Mayer l v 2  and S. A. Pikin 3,4,5. 

All these gratings display an unusual and interesting behavior of the polarization 
properties of the diffracted beams. They have been theoretically considered in a series of 
papers 6,7,8. An experimental check of the above theory has been recently published for 
the S,* LC 9. 

The aim of this paper is to compare theory and experiment for the Pikin-type 
gratings, which are obtained by applying a d.c. electric field to a planar NLC cell. Above 
a threshold value of the field a FrCedericksz-type second order transition is obtained, 
which can be either periodic or aperiodic depending on the elastic, dielectric and 
flexoelectric properties of the NLC. A phase diagram for the appearance of the different 
types of distorted structures has recently been published lo. The Pikin-type distortion is 
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induced by flexoelectricity in NLC with a dielectric anisotropy small enough, and give 
rise to a diffraction grating whose wavevector is parallel to the boundary planes and 
orthogonal to the undistorted director. This grating has received some attention in the 
last decade in view of the possible applications 1 1 ~ 2  owing to the fact that it displays 
unusual and interesting polarization properties and that the grating efficiencies of the 
different peaks can be easily modulated by the electric field. Moreover, the analysis of 
the diffracted peaks intensities is a powerful method to measure the flexoelectric and 
elastic constants of the material. 

The interpretation of the experimental data requires two separate steps: the 
computation of the distortion and the solution of the optical problem. For the second 
problem, exact numerical solutions have already been developed 1 3 3 .  The f i s t  step 
requires the minimization of the free energy of the system. A linear theory is g e n e d y  
used 3,4J0, which only allows one to compute the threshold field and the shape (twist- 
splay ratio) of the initial distortion just above the threshold. The study of the distortion 
amplitude as a function of the applied field requires a non linear theory. Such a theory 
has been developed by Pikin 5 ~ 1 4  in the particular case of equal elastic constants, zero 
dielectric anisotropy and short wavelength limit. In order to fit the experimental data, we 
have developed a more general non-linear theory. 

THEORY 

The free energy density of a NLC in an external electric field E is given by 

1 1 1 
2 2 2 

F = -K (v. ;2> 2+ - K ,  (;i. v x ii12+ - K ,  (i x v x i12- e ,  ( V .  i)( g. i )  + 
(1) 1 1 

2 2 
- e3 E .  ( r i  . v); - - E , E  E - - E ,  E ,  ( E .  ii), 

where K j  (i=1,2,3) are the elastic constants, e , ,  e3 are the flexoelectric coefficient and E ,  

is the dielectric anisotropy. We assume strong planar anchoring conditions n̂  = at the 
cell boundary planes z = & d / 2. The electric field E is along 2. The director profile 
above threshold is assumed as 
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cp(y,z) = CsirinQ,y)cp,(z) 
n=l 

where 19 =.n/2-q and cp are the polar angles of the director. Q, = ~ q / d  is the 

wavevector of the periodic profile. Eq. (2) is a generahation of the profile found in the 
hear analysis for small distortions, in which only the first harmonic in y is nonzero. Due 
to the boundary conditions, we can write 

Using these expressions, the average free energy per unit surface [in the (x,y)- 
plane] 3 can be expressed as a function of the various Fourier components according to 

where we have introduced the normalized parameters 

The stable director configuration corresponds to the minimum of the function f with 
respect to qi,cpi,4. The minimization has been done by first expanding f in a power 

series of the parameters qi , ‘ p i ,  which are identically equal to zero below the transition 

point and monotonically increase with the field above this point. The search of the 
minimum is straightforwardly done by using the steepest descent method. The only 
difficulty comes from the fact that the number of terms appearing in the free-energy 
expression dramatically increase by increasing the number of Fourier components and the 
order of the power expansion. We give here the terms up to sixth order in qlI,vll,  
obtained by retaining only one Fourier component in Eq. (2) and (3) ,  and neglecting the 
terms which depend on the field gradient: 
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(6) 
In order to avoid unpracticable computations, drastic approximations are needed. 

As a matter of fact, our experimental results are fitted quite well, in the whole range of 
the applied tension, by only retaining terms up to the sixth order in the parameters 
~ 1 1 , ~ 1 1 , ~ 1 2 , ~ 1 2  and of the second order in q, and neglecting the terms in the field 
gradient. More generally, our theoretical analysis has shown that the higher-order 
Fourier components in the y direction are typically at least one order of magnitude 
smaller than the same order components in the z Irection. On the other hand, the terms 
in the field gradient, which cannot be treated in practice to the higher-power orders 
owing to their complexity lo, are generally non-negligble for arbitrary direction of the 
wavevector q .  However we have found that their role drastically decreases by 

decreasing the component of q in the direction of the undistorted director. This explains 

the fact that a good fit has been obtained in the absence of such terms, since in our 
experiment the wave-vector is orthogonal to the undistorted director. 

- 

- 

EXPERIMENTAL AND RESULTS 

A NLC with small dielectric anisotropy and strong flexoelectric coupling with the 
electric field lo is needed in order to obtain a Pikin type periodic structure. We have used 
the NLC NP1052 (Merck), which is a binary eutectic of aromatic esters. 
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FIGURE 1 Experimental set-up. L: 10 mW He-N, laser; PI, P,: polarizers; Q: 
quarter-wave plate; PH: pinhole; L,: converging lens; ND: neutral density filters; 
NLC: nematic liquid crystal cell; PD: analyzer and photodiode; SG: signal 
generator; PC: personal computer; DV: digital voltmeter. 

This compound is nematic in the range 15t48"C with dielectric constants 
ell = 5.9, E, = 5.8 (1 kHz), refractive indexes ne=1.701, n0=1.561, and resistivity 

> Ido i2 - cm at 20 "C. The planar cell has been obtained by coating the glasses with a 

thin conductive layer of IT0  and SiO, evaporated at an angle of 60 degrees from the 
normal, and using mylar spacers of thickness d-10 pm. A d.c. voltage is applied to the 
sample because the flexoelectric coupling with the electric field is linear. The 
experimental setup is reported in Fig. 1. The polarizer PI and the / 4 wave plate act as 
an optical isolator of the light emitted by the laser and produce a circular polarized beam, 
which is filtered by the pinhole and focused on the sample by the converging lens. The 
polarization states of the incoming and outcoming light are selected by the polarizer P, 
and by an analyzer. The intensity of the diffracted peaks is measured using a photodiode 
with an area of 1 cm2 to collect all the scattered light, that for the higher orders is rather 
broad. The photographs of the diffracted peaks are reported in Fig. 2. One may notice 
that only even order peaks appear for EE polarization states and only odd orders peaks 
for EO polarizations states. The same "selection rule" is valid for 00 (odd orders only) 
and OE (even orders only) polarization states. The main difference lies in the fact that the 
intensities of the diffracted beams for 00 polarizations are smaller than for EE 
polarizations. 
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EE 

EO 

E(E+O) 

FIGURE 2 Photographs of the diffraction pattern at V=5.2 V at normally incident 
light for different polarization states. Here E and 0 denote extraordinary and 
ordinary beams, respectively, in the undistorted NLC. The first and second symbols 
refer to incident and diffracted beams. 

0 1  0 2  0 3  0 4  0.5 
Vh,- 1 

FIGURE 3 Zeroth order relative intensity (grating efficiency) for EE polarizations. 

The experimental grating efficiencies (ratios between the intensities of the diffracted 
beams and of the input beam within the glasses; the effect of the multiple reflections at 
the external boundary of the glasses is within the experimental errors) and the theoretical 
fits are reported in Figs 3s6 as a function of v / v, - 1. where vc is the threshold voltage. 

Zeroth order efficiencies for 00 polarizations is very close to unity, the difference being 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
10

 1
8 

Fe
br

ua
ry

 2
01

3 



PERIODIC DISTORTIONS IN NLC [823]/183 

of the order of the experimental errors. The best-fit parameters are: 
pm, &,=0.267, e=1.293, r=0.798, s=2. 

vr = 5 V, d=8.25 
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FIGURE 4 First order for EO (a) and OE (b) grating efficiencies. 

FIGURE 5 Second order for EE (a) and 00 (b) grating efficiencies. 
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FIGURE 6 Third order for EO (a) and OE (b) grating efficiencies. 

CONCLUSIONS 

The analysis of the intensities of the beams diffracted by an anisotropic NLC grating is a 
complicated task, since it requires the simultaneous determination of the three- 
dimensional profile of the director field, and the solution of the optical problem. 
Therefore, approximate techniques and simpler limiting cases are usually considered. 
Here we have developed a nonlinear numerical approach providing an exact solution to 
the problem, without making additional unphysical approximations. The agreement 
between the experimental data and the numerical model is good and allows one to 
determine some of the material's physical constants. 

The stnking features of this type of gratings are the "selection rules" which are 
valid at any incidence angle if the grating wavevector is parallel to the incidence plane, 
thus giving rise to diffracted beams in the same plane. They can be summarized as 
follow. An input beam linearly polarized in the incidence plane gives rise to even order 
peaks polarized in the same plane and to odd order peaks with the opposite polarization. 
Similar properties are found for the orthogonal polarization state of the incident beam, as 
explained in the preceding section. A similar behavior is not fully surprising if one 
considers the polarization properties of the light scattered by the thermal fluctuations of 
the director (as evident the distortion above the critical point can be considered as a huge 
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amplifications of the critical fluctuations). It is in fact well known that in our scattering 
geometry the thermal fluctuations only give depolarized scattered light. This means that 
only the EO and OE scattering amplitudes are different from ze1-0~~. By increasing the 
distortion amplitudes this property of the diffracted beams is conserved, giving rise to the 
first order peaks. If we assume that the second order peaks are generated by the f is t  
order ones (and so on), we can fully explain the selection rules. We emphasize the fact 
that the peaks which are forbidden by our selection rules are strictly forbidden, in the 
sense that the theory gves intensities exactly equal to zero, and the experiment gives the 
same result within the experimental errors. Similar selection rules are displayed by the Sa 
gratings in the limit of small sample thickness 8, and can therefore be considered as "weak 
selection rules". 
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